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Abstract
We revisit Ozawa’s uncertainty principle (OUP) in the framework of noncommutative (NC)
quantum mechanics. We derive a matrix version of OUP accommodating any NC structure in the
phase-space, and compute NC corrections to lowest order for two measurement interactions, namely
the Backaction Evading Quadrature Amplifier and Noiseless Quadrature Transducers. These NC
corrections alter the nature of the measurement interaction, as a noiseless interaction may acquire
noise, and an interaction of independent intervention may become dependent of the object system.
However the most striking result is that noncommutativity may lead to a violation of the OUP itself.
The NC corrections for the Backaction Evading Quadrature Amplifier reveal a new term which
may potentially be amplified in such a way that the violation of the OUP becomes experimentally
testable. On the other hand, the NC corrections to the Noiseless Quadrature Transducer shows
an incompatibility of this model with NC quantum mechanics. We discuss the implications of this
incompatibility for NC quantum mechanics and for Ozawa’s uncertainty principle.
PACS numbers:
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I. INTRODUCTION
In most textbooks on quantum mechanics, the impossibility of measuring simultaneously
and with infinite precision two noncommuting variables is expressed in terms of an inequality,
which sets a lower bound on the product of the mean square deviations of the two variables.
This inequality has been proven by Kennard and Robertson [1, 2] and states that
σ(Â, ψ)σ(B̂, ψ) ≥
〈ψ|
[
Â, B̂
]
|ψ〉
2
, (1)
where Â, B̂ are noncommuting self-adjoint operators, σ2(Â, ψ) = 〈ψ|(∆Â)2|ψ〉, and ∆Â =
Â − 〈ψ|Â|ψ〉 for a given state ψ in some Hilbert space H. The commutator and anti-
commutator are defined by
[
Â, B̂
]
= ÂB̂ − B̂Â and
{
Â, B̂
}
= ÂB̂+B̂Â
2
, respectively. It has
become usual to call such bounds uncertainty principles.
If Â and B̂ are the particle’s position X̂ and momentum P̂ , respectively, then Eq. (1)
takes the form
σ(X̂, ψ)σ(P̂ , ψ) ≥
~
2
. (2)
This inequality does not take into account the position-momentum correlations
σ(X̂, P̂ , ψ) = σ(P̂ , X̂, ψ) = 〈ψ|
{
∆X̂,∆P̂
}
|ψ〉 . (3)
Moreover, it is not symplectically covariant. By this we mean the following. Let S ∈ Sp(R)
be some symplectic transformation. We denote by Mp(R) the metaplectic group, that is
the 2-fold cover of Sp(R) [3]. Let ±S˜ ∈ Mp(R) be the two elements which project onto S.
Then there exists a unitary representation Û(S˜) on L2(R) - the metaplectic representation
- such that
Û(S˜) ẑ Û †(S˜) = Sẑ , (4)
where
ẑ =

 X̂
P̂

 . (5)
If the state |ψ〉 is subjected to a metaplectic transformation
|ψ〉 7→ |ψS〉 = Û(S˜)|ψ〉, (6)
then, in general, Eq. (2) does not become
σ(X̂, ψS)σ(P̂ , ψS) ≥
~
2
. (7)
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Rather, position-momentum correlations σ(X̂, P̂ , ψS) appear.
There is an alternative inequality to Eq. (2) which accounts for the position-momentum
correlations and is symplectically covariant. It is also stronger than Eq. (2). It is commonly
known as the Robertson-Schro¨dinger uncertainty principle (RSUP) and it is stated in terms
of the positivity of the matrix [2, 4]
Σ+
i~
2
J ≥ 0, (8)
where
Σ =

 σ2(X̂, ψ) σ(X̂, P̂ , ψ)
σ(P̂ , X̂, ψ) σ2(P̂ , ψ)

 (9)
is the covariance matrix of the state ψ, and
J =

 0 1
−1 0

 (10)
is the standard symplectic matrix.
Inequality Eq. (8) has some other advantages over Eq. (2). For Gaussian states (states
whose Wigner distribution is a Gaussian measure), which play a prominent role in quantum
computation and quantum information of continuous variables, in quantum optics, and in the
quantum-classical transition, condition Eq. (8) is both a necessary and sufficient condition
for a Gaussian measure to be a bona fide Wigner distribution [5, 6]. It is also an essential
condition for the Simon-Peres-Horodecki criterion of separability for continuous variables
[7, 8]. Moreover, Eq. (8) has a very strong symplectic flavour. It is not only because of the
aforementioned symplectic covariance. Directions of minimal uncertainty can be obtained
by simple linear symplectic transformations [9], and a nice interpretation of the uncertainty
principle can be given in terms of Poincare´ invariants [9]. Also, there is an intimate relation
between (8) and Gromov’s Non-Squeezing Theorem in symplectic topology [10, 11].
What uncertainty principles such as Eqs. (2) and (8) have in common is the fact that they
pose limitations on the ability to prepare states which yield arbitrarily narrow statistical
standard deviations σ(X̂, ψ) and σ(P̂ , ψ). So, if we prepare various systems in an identical
way and perform position and momentum measurements on them, the statistical standard
deviations obey constraints such as Eqs. (2) or (8). For this reason they are called prepara-
tion uncertainty principles. Notice however that preparation uncertainty principles do not
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take into account the measurement interaction between the observed system and the mea-
suring apparatus. In his famous γ-ray thought experiment, Heisenberg related the accuracy
(resolution) of an appropriate position measurement to the disturbance of that measurement
on the particle’s momentum [12]. However, he never really defined the concepts of accuracy
and disturbance rigorously, nor did he derive mathematically any inequality relating them.
There is a growing controversy regarding the status of Heisenberg’s formulation of the un-
certainty principle. Recently, there has been great interest to go beyond the preparation
uncertainty principles and to establish inequalities that express the interplay between the
accuracy of a position measurement and the disturbance on the momentum [13–16, 18, 19].
These inequalities are known as error-disturbance trade-off relations. The challenge consists
in establishing a rigorous and meaningful definition of error and disturbance and in obtaining
the trade-off relation for them.
Two competing approaches were put forward recently. In Refs. [13] the authors proved
a rigorous error-disturbance inequality akin to Heisenberg’s heuristic original proposal. In
this framework, the measures of error and disturbance are (state independent) figures of
merit characteristic of the measurement apparatus.
Alternatively, Ozawa proposed a universal error-disturbance trade-off relation, where the
error and disturbance measures are state dependent expectation values of certain observables
- the square of the noise and disturbance operators [14]. Ozawa’s approach has led to a
controversy concerning a possible violation of Heisenberg’s uncertainty principle. In this
context, the present authors derived a matrix inequality [18] whose status compared to
Ozawa’s inequality is similar to that of the RSUP Eq. (8) compared to Eq.(2). Our inequality
implies Ozawa’s, but is more stringent. Moreover, it also encompasses noise-disturbance
correlations and it is invariant under a larger class of linear transformations.
The purpose of the present work is to formulate our inequality for systems which live on
a phase-space with additional position-position and momentum-momentum noncommuta-
tivity. In accordance with the literature, such systems are described by the rules of noncom-
mutative quantum mechanics (NCQM) [20–23]. Our motivations for deforming the usual
algebra of the fundamental observables are manifold. Most of them find their roots in
the numerous attempts to quantize gravity, notably string theory, loop quantum gravity
and noncommutative geometry [24–26]. A deformed noncommutative phase-space can also
emerge after the reduction in quantum mechanical systems which exhibit a certain type of
5
second-class constraints [27]. Modifications of the algebra of fundamental operators may also
appear, when one tries to deform it in order to obtain a stable algebra [28]. For definiteness,
we replace the usual Heisenberg-Weyl algebra[
X̂i, X̂j
]
=
[
P̂i, P̂j
]
= 0,
[
X̂i, P̂j
]
= i~δi,j, (11)
with i, j = 1, · · · , n, by a deformed version of the form[
X̂i, X̂j
]
= iθi,j ,
[
P̂i, P̂j
]
= iηi,j,
[
X̂i, P̂j
]
= i~δi,j, (12)
where Θ = (θi,j) and Υ = (ηi,j) are real skew-symmetric matrices.
This type of algebra has been considered in several contexts such as the quantum Hall ef-
fect [29, 30], the gravitational quantum well for ultra-cold neutrons [31, 32], the Landau/2D-
oscillator in phase-space [33, 34], graphene [35] and the equivalence principle [36].
From our point of view, it is remarkable that a simple c-number deformation such as
Eqs. (12) leads to so many striking qualitatively different results. In the context of quan-
tum cosmology, noncommutativity may be responsible for the regularization of black hole
singularities and their stability [37]. In particular, the noncommutativity in the momentum
sector leads to the appearance of a stable minimum in the partition function of a black hole,
around which one can safely perform a saddle point evaluation [37]. Noncommutativity was
shown to be a probe of quantum beating and missing information effects [38], the origin of
possible violations of preparation uncertainty principles such as Eq. (2) or Eq. (8) [39] and
a source of quantum entanglement [40].
In Ref. [19], we addressed OUP in the context of the modified Heisenberg algebra Eq.
(12). We considered two distinct models for the measurement interaction: the backaction
evading quadrate amplifier (BAE) and the noiseless quadrature transducers (NQT). We
derived the modifications of the interaction due to the deformation Eq. (12) and came
to several remarkable conclusions. Interactions which are of independent intervention, or
noiseless, may become of dependent intervention or acquire noise, once the noncommutative
deformation is switched on. More strikingly, the deformation may lead to a violation of
Ozawa’s uncertainty principle itself. So, if ever a breakdown of the OUP were to be detected
experimentally, then noncommutative deformations of the Heisenberg algebra such as Eq.
(12) could provide a natural explanation for this violation.
We feel however, that our analysis in Ref. [19] would remain incomplete until we con-
sidered the NCQM version of our matrix noise-disturbance trade-off relation. Indeed, the
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modifications in Ref. [19] already introduced noise-disturbance correlations. And since our
inequality is stronger than Ozawa’s, it is more suited to test the validity of the noncommu-
tative deformations. As we shall see, this additional analysis will be compensated by the
results that we obtain:
(i) In the case of the BAE model, the noncommutative corrections include one term that
may be amplified in such a way that finding states which violate the OUP becomes easier.
This could provide an experimental test for noncommutativity;
(ii) As for the NQT interaction, we will conclude that the noncommutative corrections are
incompatible with this measurement interaction. This opens an interesting discussion on
whether the type of noncommutative deformations considered in this work have to be ruled
out, or whether the problem lies on the OUP or the NQT model.
This work is organized as follows. In the next section we review Ozawa’s uncertainty principle
and our matrix version of it, so to establish our notation and to introduce the various
physical quantities and concepts involved. In section III, we show how our uncertainty
principle accommodates any type of noncommutative symplectic structure such as Eq. (12),
and we consider the BAE and the NQT models for the measurement interaction in the
presence of the noncommutative phase-space Eq. (12). Finally, in section IV, we present
our conclusions.
II. ROBERTSON-SCHRO¨DINGER TYPE FORMULATION OF OZAWA’S UN-
CERTAINTY PRINCIPLE
In a measurement process, a given system is subjected to an interaction with some mea-
suring apparatus, the probe. We assume that prior to the interaction the system and the
probe are uncorrelated and described by the product state
|Ψ〉 = |ψ〉 ⊗ |ξ〉 , (13)
where ψ and ξ describe the object and the probe, respectively.
If M̂ denotes the probe observable, then we define the observables for the joint system
Âin = Â ⊗ Î , B̂in = B̂ ⊗ Î and M̂ in = Î ⊗ M̂ just before the measurement interaction is
switched on.
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During the measurement interaction, which we assume to take an infinitesimal interval of
time ∆t, the composite system of the observed system and the probe evolves unitarily. The
dynamics is thus dictated by some unitary transformation Û , such that Û †Û = Û Û † = Î. In
the Heisenberg picture with the initial state Eq. (13), immediately after the measurement
interaction is switched off: Âout = Û †(Â⊗Î)Û , B̂out = Û †(B̂⊗Î)Û and M̂out = Û †(Î⊗M̂)Û .
Ozawa [14] defined two self-adjoint operators called the noise and the disturbance operator
as
N̂(Â) = M̂out − Âin , D̂(B̂) = B̂out − B̂in . (14)
Thus, the measure of noise ǫ(Â, ψ) is then the root mean-square deviation of the noise
operator:
ǫ(Â, ψ)2 = 〈Ψ|N̂(Â)2|Ψ〉 = 〈Ψ|(M̂out − Âin)2|Ψ〉 , (15)
whereas the measure of the disturbance χ(B̂, ψ) on the observable B caused by the mea-
surement of A is given by the root mean-square deviation of the disturbance operator
χ(B̂, ψ)2 = 〈Ψ|D̂(Â)2|Ψ〉 = 〈Ψ|(B̂out − B̂in)2|Ψ〉 . (16)
Since M̂ and B̂ are observables in different systems, they commute
[
M̂out, B̂out
]
= 0. There-
fore, using Eqs.(15) and (16), the triangle and the Cauchy-Schwartz inequalities, it is possible
to obtain Ozawa’s uncertainty principle:
ǫ(Â, ψ)χ(B̂, ψ) +
1
2
∣∣∣〈[N̂(Â), B̂in]〉+ 〈[Âin, D̂(B̂)]〉∣∣∣ ≥ 1
2
|〈ψ|
[
Â, B̂
]
|ψ〉| , (17)
where here and henceforth, 〈Ô〉, denotes 〈Ψ|Ô|Ψ〉 .
If
〈
[
N̂(Â), B̂in
]
+
[
Âin, D̂(B̂)
]
〉 = 0, (18)
then, a noise-disturbance uncertainty relation akin to that in Eq. (1) holds, and
ǫ(Â, ψ)χ(B̂, ψ) ≥
1
2
|〈ψ|
[
Â, B̂
]
|ψ〉|. (19)
A particular case corresponds to
[
N̂(Â), B̂in
]
=
[
Âin, D̂(B̂)
]
= 0. Ozawa defined such a
measuring interaction to be of independent intervention for the pair (Â, B̂), since the noise
and disturbance are independent of the object system.
From the triangle and the Cauchy-Schwartz inequalities one has∣∣∣〈[N̂(Â), B̂in]〉+ 〈[Âin, D̂(B̂)]〉∣∣∣ ≤ 2ǫ(Â, ψ)σ(B̂, ψ) + 2σ(Â, ψ)χ(B̂, ψ) , (20)
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and upon substitution of Eq. (20) into Eq. (17) one obtains
ǫ(Â, ψ)χ(B̂, ψ) + ǫ(Â, ψ)σ(B̂, ψ) + σ(Â, ψ)χ(B̂, ψ) ≥
|〈ψ|
[
Â, B̂
]
|ψ〉|
2
. (21)
To establish our matrix version of Ozawa’s uncertainty principle, we consider two
sets
(
Â1, · · · , Ân
)
and
(
B̂1, · · · , B̂n
)
of n commuting observables of the object system:[
Âi, Âj
]
=
[
B̂i, B̂j
]
= 0, i, j = 1, · · · , n. In general the observables Âi and B̂j do not
commute and we have some commutation relations:[
Âi, B̂j
]
= iĈij , (22)
for i, j = 1, · · · , n, and where
{
Ĉij
}
1≤i,j≤n
are some self-adjoint operators. We have
D(ÂiB̂j) ∩ D(B̂jÂi) ⊂ D(Ĉij), where D(Ô) denotes the domain of the operator Ô.
We may write these operators collectively as Ẑ =
(
Â1, · · · , Ân, B̂1, · · · , B̂n
)
. Henceforth,
Greek labels α, β, γ, · · · take values in the index set {1, · · · , 2n}, and Einstein’s convention of
summation over repeated indices is assumed. We may then write the commutation relations
in the following form: [
Ẑα, Ẑβ
]
= iĜαβ , α, β = 1, · · · , 2n , (23)
Here Ĝ =
(
Ĝαβ
)
1≤α,β≤2n
is the self-adjoint operator-valued matrix
Ĝ =

 0 Ĉ
−Ĉ 0

 , (24)
where Ĉ =
(
Ĉij
)
1≤i,j≤n
.
Following Ref. [14], the noise and the disturbance of the measurement of Ẑ can be written
in a collective way as
K̂ =
(
N̂(Â), D̂(B̂)
)
=
(
N̂1, · · · , N̂n, D̂1, · · · , D̂n
)
. (25)
We shall call this the noise-disturbance vector.
As previously, Ôin and Ôout denote the observable O in the Heisenberg picture before and
after the measurement interaction. Let then M̂out =
(
M̂out1 , · · · , M̂
out
n
)
denote the outputs
of the probe observable for the measurement of A. We assume that
[
M̂i, M̂j
]
= 0, for
i, j = 1, · · · , n. We define a collective vector for the output of M and B:
V̂ out =
(
M̂out1 , · · · , M̂
out
n , B̂
out
1 , · · · , B̂
out
n
)
, (26)
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which describes the quantum state after the measurement.
According to Ozawa [14]
[
V̂ outα , V̂
out
β
]
= 0, α, β = 1, · · · , 2n , (27)
and
V̂ out = Ẑ in + K̂ . (28)
We define the noise-disturbance correlation matrix,
Kαβ = 〈
{
K̂α, K̂β
}
〉 , (29)
and the 2n× 2n real skew-symmetric matrix,
Γαβ =
1
i
〈
[
Ẑ inα , K̂β
]
+
[
K̂α, Ẑ
in
β
]
〉 . (30)
Our matrix version of the OUP was shown in Ref. [18] to be given by
K+
i
2
(Γ+G) ≥ 0 , (31)
where
G = 〈Ĝ〉 = 〈ψ|Ĝ|ψ〉. (32)
If the measuring interaction is of independent intervention, i.e. if Γ = 0, then one obtains
K+
i
2
G ≥ 0, (33)
which is a matrix generalization of the Heisenberg noise-disturbance relation based on the
γ-ray thought experiment. Notice that inequalities such as Eq. (31) or Eq. (33) are rem-
iniscent of the RSUP Eq. (8). There are nevertheless some differences. In Eq. (8) the
covariance matrix Σ is strictly positive-definite, whereas the noise-disturbance matrix Eq.
(29) appearing in Eqs. (31) and (33) may be only positive semi-definite. This is the case
of the NQT interaction. Further, the standard symplectic matrix J Eq. (8) is non-singular,
which means that it defines a non-degenerate symplectic form σ(z, z′) = z · J−1 · z′ on R2n.
On the other hand, in Eq. (31) it may happen that the real, skew-symmetric 2n×2n matrix
Γ + G is singular, so that it does not correspond to any symplectic form on R2n. These
observations are crucial if one aims to establish the validity of Eq. (31) in terms of some
variants of Williamson’s Theorem and the symplectic spectrum.
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Hence, in order to study the measurement interaction, we denote by Ŵ =(
Ô1, · · · , Ôn, R̂1, · · · , R̂n
)
the probe’s degree’s of freedom, with
[
Ŵα, Ŵβ
]
= iĤαβ, 1 ≤ α, β ≤ 2n , (34)
for some self-adjoint operators (Ĥαβ)1≤α,β≤2n such that D(ŴαŴβ) ∩ D(ŴβŴα) ⊂ D(Ĥαβ)
for all α, β = 1, · · · , 2n. We shall also assume that the measurement interaction is linear in
Ẑ in and Ŵ in. This is what happens in the models considered in the present work. Thus:
K̂ = ΛẐ in +ΠŴ in , (35)
where Λ and Π are some 2n× 2n real constant matrices.
Since
[
Ŵ inα , Ẑ
in
β
]
= 0, 1 ≤ α, β ≤ 2n, as they act on different systems, one easily obtains
that
Γ = GΛT −ΛGT . (36)
Thus Eq. (31) becomes
K+
i
2
(
GΛT −ΛGT +G
)
≥ 0 . (37)
Notice that, as we said before, this inequality accounts for the error-disturbance correla-
tions. However, it does not accommodate the case when the operators V̂ outα have non-trivial
commutation relations. This latter case requires some modifications, which we derive in the
next section.
III. NC GENERALIZATION OF THE MATRIX OZAWA UNCERTAINTY PRIN-
CIPLE
To obtain a noncommutative version of Ozawa’s uncertainty principle in the matrix for-
mulation, we must bare in mind the fact that the operators V̂ outα Eq. (26) may no longer
commute. So Eq.(27) must be replaced by:[
V̂ outα , V̂
out
β
]
= iT̂αβ , (38)
for some self-adjoint operators (T̂αβ)1≤α,β≤2n such that D(V̂ outα V̂
out
β )∩D(V̂
out
β V̂
out
α ) ⊂ D(T̂αβ).
We also define the matrix T = (Tαβ)1≤α,β≤2n by
Tαβ := 〈T̂αβ〉, 1 ≤ α, β ≤ 2n. (39)
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It then follows from Eqs. (28), (38), (39), (23), (32) and (30):
iTαβ = i〈T̂αβ〉 = 〈
[
V̂ outα , V̂
out
β
]
〉 = 〈
[
Ẑ inα + K̂α, Ẑ
in
β + K̂β
]
〉 =
= i〈Ĝαβ〉+ 〈
[
Ẑ inα , K̂β
]
+
[
K̂α, Ẑ
in
β
]
〉+ 〈
[
K̂α, K̂β
]
〉 =
= iGαβ + iΓαβ + 〈
[
K̂α, K̂β
]
〉,
(40)
for all 1 ≤ α, β ≤ 2n.
It can be shown that the following inequality holds [18]:
λαλβ〈
[
K̂α, K̂β
]
〉 ≤ 2λαλβ〈
{
K̂α, K̂β
}
〉, (41)
for any set of 2n complex numbers (λα)1≤α≤2n.
Substituting Eq. (41) into Eq. (40), we finally obtain from Eq. (29):
K+
i
2
(G + Γ−T) ≥ 0. (42)
This is the noncommutative extension of the matrix OUP. Comparing with Eq. (31), we
realize that we have the additional matrix T which accounts for the fact that the operators
(V̂ outα )1≤α≤2n may no longer commute.
If the interaction is of independent intervention, then as before Γ = 0, we obtain
K+
i
2
(G−T) ≥ 0. (43)
To proceed, we assume as previously a linear interaction of the form Eq. (35) between the
object and the probe. So Eq. (36) still holds and we get:
K+
i
2
(
GΛT −ΛGT +G−T
)
≥ 0 . (44)
But on the other hand, from Eqs. (28) and (35), we also have:
V̂ out = (I+Λ) Ẑ in +ΠŴ in. (45)
It follows from Eqs. (23), (28), (32), (34), (35), (38), (39) and (45) that
T = (I+Λ)G(I+ΛT ) +ΠHΠT , (46)
where H = (Hαβ)1≤α,β≤2n is the matrix with entries
Hαβ =< Ĥαβ > . (47)
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Plugging Eq. (46) into Eq. (44), we finally obtain:
K−
i
2
(
ΛGΛT +ΠHΠT
)
≥ 0 . (48)
In this section, we shall consider two models for the interaction where the object and the
probe are two-dimensional systems. For definiteness, we assume that the fundamental ob-
servables of object and of the probe obey the commutation relations Eqs. (12) of NCQM:
[
Ẑ inα , Ẑ
in
β
]
=
[
Ŵ inα , Ŵ
in
β
]
= iΩαβ , (49)
for α, β = 1, · · · , 4, and where
Ω =

 Θ ~I
−~I Υ

 . (50)
Here
Θ = θE, Υ = ηE, (51)
where θ, η are some real positive constants and E is the skew-symmetric matrix
E =

 0 1
−1 0

 . (52)
This is the 2× 2 standard symplectic matrix.
A straightforward way of obtaining a representation of this algebra in L2(R2) is to perform
a linear transformation (called a Darboux transformation or a Seiberg-Witten map) to the
usual Heisenberg algebra. The Heisenberg observables, (ξ̂α)1≤α≤4, satisfy[
ξ̂inα , ξ̂
in
β
]
= i~Jαβ , (53)
where J is the standard symplectic matrix, and α, β = 1, · · · , 4. The NC and commutative
observables can be related through a suitable Seiberg-Witten (SW) map, for instance
S =

 λI − θ2λ~E
η
2µ~E µI

 , (54)
as Ẑ = Sξ̂. Here λ, µ are arbitrary parameters such that λµ = 1+
√
1−ξ
2
, where ξ = θη~2 < 1.
We remark that SW maps S, such that
~SJST = Ω, (55)
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are not unique, but they are all physically equivalent, in the sense that they all lead to the
same physical predictions such as expectation values, probabilities, eigenvalues [21].
If we get back to our matrix version of the noncommutative Ozawa Uncertainty Principle
(NCOUP) Eq. (48), then we simply have to set G = H = Ω. We obtain
Γ = ΩΛT −ΛΩT , (56)
and
K−
i
2
(
ΛΩΛT +ΠΩΠT
)
≥ 0 . (57)
This is the matrix OUP for the noncommutative algebra Eqs. (49) and (50).
To proceed we need to specify the type of measurement interaction Eq. (35). As in Ref.
[18] we shall consider the noncommutative deformations of the BAE and the NQT models.
A. Williamson’s Theorem on nonstandard symplectic vector spaces
Uncertainty principles such as the ones expressed by Eqs. (8), (31), (33), (37) and (57)
amount to testing the positivity of
A+
i
2
Ξ , (58)
where A is a real, symmetric, positive (not necessarily positive-definite) 2n × 2n matrix,
and Ξ is a real, skew-symmetric (possibly singular) 2n× 2n matrix. If A is positive-definite
and Ξ is non-singular, then we can recover much of the symplectic nature of the Robertson-
Schro¨dinger uncertainty principle Eq. (8). Indeed, in analogy with Williamson’s theorem,
we defined in Ref. [40] the Ξ-symplectic eigenvalues or Ξ-Williamson invariants λj,Ξ(A)
of the matrix A as the eigenvalues of the matrix 2iΞ−1A. Since these coincide with the
eigenvalues of the matrix 2iA1/2Ξ−1A1/2, which is hermitian, they are all real numbers.
Moreover, if λj,Ξ(A) is an eigenvalue of 2iΞ
−1A, then so is −λj,Ξ(A). Hence, there are
n positive eigenvalues of 2iΞ−1A (counting repetitions) which we write as an increasing
sequence:
0 < λ1,Ξ(A) ≤ λ2,Ξ(A) ≤ · · · ≤ λn,Ξ(A). (59)
We call the set
SpecΞ(A) := {λ1,Ξ(A), λ2,Ξ(A), · · · , λn,Ξ(A)} (60)
the Ξ-symplectic spectrum of A.
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It can be shown [41] that the matrix A can be brought to the diagonal form
S−1A(S−1)T = diag (λ1,Ξ(A), · · · , λn,Ξ(A), λ1,Ξ(A), · · · , λn,Ξ(A)) , (61)
by way of a similarity transformation with a particular SW map, S:
Ξ = SJST . (62)
This corresponds to Williamson’s theorem on the non-standard symplectic vector space
(R2n;ωΞ), with symplectic form
ωΞ(z, z
′) = z ·Ξ−1z′, z, z′ ∈ R2n. (63)
In Ref. [40] we have proved that
A+
i
2
Ξ ≥ 0 , (64)
if and only if
λ1,Ξ(A) ≥ 1. (65)
It can also be shown [41] that, given two non-singular skew-symmetric 2n × 2n matrices
Ξ1,Ξ2 (with Ξ1 6= ±Ξ2), there exists a real, symmetric positive-definite 2n× 2n matrix A,
such that
λ1,Ξ1(A) < 1 ≤ λ1,Ξ2(A). (66)
In other words:
A+
i
2
Ξ2 ≥ 0, (67)
while
A+
i
2
Ξ1  0. (68)
Thus A satisfies a generalized uncertainty principle Eq. (64) with Ξ2, but not with Ξ1.
These remarks will be important, when we discuss in the next subsection a possible
violation of the Ozawa uncertainty relation for the BAE model.
B. Backaction Evading Quadrature Amplifier (BAE)
Let us now consider a quantum system described by the quadrature operators (X̂a, Ŷa)
and the corresponding canonical conjugate momenta (P̂Xa, P̂Ya), and a probe described
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by the quadrature operators (X̂b, Ŷb) and the corresponding canonical conjugate momenta
(P̂Xb, P̂Yb), which obey to the commutation relations[
X̂a, P̂Xa
]
=
[
Ŷa, P̂Ya
]
=
[
X̂b, P̂Xb
]
=
[
Ŷb, P̂Yb
]
= i~ . (69)
The backaction evading quadrature amplifier (BAE) for a 2−dimensional system is generally
described by the set of equations: 

X̂outa = X̂
in
a
Ŷ outa = Ŷ
in
a
X̂outb = X̂
in
b +GX̂
in
a
Ŷ outb = Ŷ
in
b +GŶ
in
a
P̂ outXa = P̂
in
Xa −GP̂
in
Xb
P̂ outYa = P̂
in
Ya −GP̂
in
Yb
P̂ outXb = P̂
in
Xb
P̂ outYb = P̂
in
Yb
,
(70)
where G is some positive real parameter, called the gain. The probe observables are M̂ =(
X̂b
G
, Ŷb
G
)
.
In our previous notation, we have:
Ẑ in =


X̂ ina
Ŷ ina
P̂ inXa
P̂ inYa

 , Ŵ
in =


X̂ inb
Ŷ inb
P̂ inXb
P̂ inYb

 , V̂
out =


X̂outb /G
Ŷ outb /G
P̂ outXa
P̂ outYa

 =


X̂ ina + X̂
in
b /G
Ŷ ina + Ŷ
in
b /G
P̂ inXa −GP̂
in
Xb
P̂ inYa −GP̂
in
Yb

 .
(71)
The noise-disturbance vector is then given by
K̂C = V̂ out − Ẑ in =


X̂ inb /G
Ŷ inb /G
−GP̂ inXb
−GP̂ inYb

 , (72)
which depends only on the probe’s observables. Here the superscript C refers to the com-
mutative limit θ = η = 0.
Comparing with Eq. (35), we conclude that
ΛC = 0, ΠC =

 G−1I 0
0 −GI

 . (73)
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This interaction is of independent intervention, since G = ~J and
ΓC = ~J(ΛC)T − ~ΛCJT = 0. (74)
The matrix OUP Eq. (57) can then be written as:
KC +
i~
2
J ≥ 0, (75)
with KCαβ = 〈
{
K̂Cα , K̂
C
β
}
〉. In order to obtain the noncommutative corrections for the
deformed algebra Eqs. (12), we remark that the BAE interaction Eq. (70) is given by a
unitary transformation Û(t) = e
it
~
Ĥ with an infinitesimal generator
Ĥ = α
(
P̂XbX̂a + P̂Yb Ŷa
)
. (76)
The constant α has dimensions (time)−1 and the interaction takes place during the interval
t ∈ [0, T ]. Moreover, we assume the initial conditions X̂a(0) = X̂
in
a , Ŷa(0) = Ŷ
in
a , · · · and
set X̂a(T ) = X̂
out
a , Ŷa(T ) = Ŷ
out
a , · · · . The gain parameter is given by G = αT . Thus Eqs.
(70) are obtained by solving the equations
dÂ
dt
=
1
i~
[
Â, Ĥ
]
(77)
for each observable Â, with respect to the ordinary Heisenberg algebra Eq. (11). For more
details see Ref. [19].
Once the deformation is switched on, we have to solve Eqs. (77) for each observable Â,
this time with respect to the deformed Heisenberg algebra Eqs. (12).
As we have shown in Ref. [19], the result to first order in the noncommutative parameters
θ and η is given by: 

X̂outa ≃ X̂
in
a +
Gθ
~ P̂
in
Yb
Ŷ outa ≃ Ŷ
in
a −
Gθ
~ P̂
in
Xb
X̂outb ≃ X̂
in
b +GX̂
in
a +
G2θ
2~ P̂
in
Yb
Ŷ outb ≃ Ŷ
in
b +GŶ
in
a −
G2θ
2~ P̂
in
Xb
P̂ outXa ≃ P̂
in
Xa −GP̂
in
Xb
− G
2η
2~ Ŷ
in
a
P̂ outYa ≃ P̂
in
Ya −GP̂
in
Yb
+ G
2η
2~ X̂
in
a
P̂ outXb ≃ P̂
in
Xb
+ Gη~ Ŷ
in
a
P̂ outYb ≃ P̂
in
Yb
− Gη~ X̂
in
a ,
(78)
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Since, as before M =
(
Xb
G
, Yb
G
)
, we have:
V̂ NC,out ≃


X̂ ina +
X̂in
b
G
+ θG
2~ P̂
in
Yb
Ŷ ina +
Ŷ in
b
G
− θG
2~ P̂
in
Xb
P̂ inXa −GP̂
in
Xb
− ηG
2
2~ Ŷ
in
a
P̂ inYa −GP̂
in
Yb
+ ηG
2
2~ X̂
in
a

 . (79)
Whence,
K̂NC = V̂ NC,out − Ẑ in ≃


X̂in
b
G
+ θG
2~ P̂
in
Yb
Ŷ in
b
G
− θG
2~ P̂
in
Xb
−GP̂ inXb −
ηG2
2~ Ŷ
in
a
−GP̂ inYb +
ηG2
2~ X̂
in
a

 . (80)
This can be written in a matrix form as
V̂ NC,out ≃
(
ΠC + θG
2~R
(12)
)
Ŵ in +
(
I− ηG
2
2~ R
(21)
)
Ẑ in,
K̂NC ≃
(
ΠC + θG
2~R
(12)
)
Ŵ in − ηG
2
2~ R
(21)Ẑ in,
(81)
where R(12) and R(21) are 4× 4 matrices that describe the interaction:
ΠC =

 G−1I 0
0 −GI

 , R(12) =

 0 E
0 0

 , R(21) =

 0 0
E 0

 . (82)
We thus have
ΛNC = −
ηG2
2~
R(21) , ΠNC = ΠC +
θG
2~
R(12) . (83)
Setting KNCαβ = 〈
{
KNCα , K
NC
β
}
〉, then
KNCαβ ≃
(
ΠCαγΠ
C
βλ +
θG
2~
ΠCαγR
(12)
βλ +
θG
2~
R(12)αγ Π
C
βλ
)
〈
{
W inγ ,W
in
λ
}
〉+
−
ηG2
2~
ΠCαγR
(21)
βλ 〈
{
Z inλ ,W
in
γ
}
〉 −
ηG2
2~
R(21)αγ Π
C
βλ〈
{
Z inγ ,W
in
λ
}
〉 , (84)
where it has been used Eq. (81).
It is always possible to assume (after a suitable translation) that for a state of the probe,
〈ξ|W in|ξ〉 = 0 [19]. And thus
〈
{
Z inγ ,W
in
λ
}
〉 = 〈ψ|Z inγ |ψ〉〈ξ|W
in
λ |ξ〉 = 0 . (85)
If we define
KCαβ = Π
C
αγ〈
{
W inγ ,W
in
λ
}
〉ΠCλβ , (86)
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we obtain from Eqs. (84)-(86):
KNC ≃
(
I+
θG
2~
R(12)(ΠC)−1
)
KC
(
I−
θG
2~
(ΠC)−1R(21)
)
. (87)
Notice that
Ω =

 θE ~I
−~I ηE

 = ~J+ θR(11) + ηR(22) , (88)
where
R(11) =

 E 0
0 0

 , R(22) =

 0 0
0 E

 . (89)
From Eqs. (83) and (88), we also have, to lowest order,
ΛNCΩ(ΛNC)T +ΠNCΩ(ΠNC)T
≃
(
ΠC + θG
2~R
(12)
) (
~J+ θR(11) + ηR(22)
) (
ΠC − θG
2~R
(21)
)
≃ ~ΠCJΠC + θG
2
(
R(12)JΠC −ΠCJR(21)
)
+ θΠCR(11)ΠC + ηΠCR(22)ΠC .
(90)
From (57), (87) and (90) we finally obtain to first order in the NC parameters, θ and η, the
following NC correction for the matrix OUP for the BAE model:
(
I+ θG
2~R
(12)(ΠC)−1
)
KC
(
I− θG
2~ (Π
C)−1R(21)
)
− i~
2
{
ΠCJΠC + θG
2~
(
R(12)JΠC −ΠCJR(21)
)
+ θ~Π
CR(11)ΠC + η~Π
CR(22)ΠC
}
≥ 0⇔
⇔ KC − i~
2
(
I− θG
2~R
(12)(ΠC)−1
)
×
×
{
ΠCJΠC + θG
2~
(
R(12)JΠC −ΠCJR(21)
)
+
+ θ~Π
CR(11)ΠC + η~Π
CR(22)ΠC
} (
I+ θG
2~ (Π
C)−1R(21)
)
≥ 0 .
(91)
Since
ΠCJΠC = −J ,
R(12)JΠC −ΠCJR(21) = − 2
G
R(11) ,
ΠCR(11)ΠC = 1
G2
R(11) ,
ΠCR(22)ΠC = G2R(22) ,
R(12)(ΠC)−1 = − 1
G
R(12) ,
(ΠC)−1R(21) = − 1
G
R(21) ,
(92)
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we obtain:
KC +
i~
2
(
J+
θ
2~
(
R(12)J− JR(21)
)
+
θ
~
R(11) −
θ
~G2
R(11) −
ηG2
~
R(22)
)
≥ 0 . (93)
A simple calculation reveals that
R(12)J− JR(21) = −2R(11). (94)
Substituting Eq. (94) into Eq. (93) we finally obtain the NC corrections to lowest order in
θ, η for the BAE model:
KC +
i~
2
(
J−
θ
~G2
R(11) −
ηG2
~
R(22)
)
≥ 0 . (95)
We point out that, from Eqs. (83), (88) and (56), we can determine ΓNC up to first order
in the NC parameters,
ΓNC = −ηG2R(22). (96)
We conclude that the OUP depends explicitly on the NC parameters, θ and η. The mea-
surement is no longer of independent intervention, as ΓNC 6= 0.
Moreover, notice from Eq. (86) that KC is positive-definite. If
Ξ = ~J−
θ
G2
R(11) − ηG2R(22), (97)
then we have
detΞ = ~4
(
1−
θη
~2
)2
. (98)
Since we have been tacitly assuming that θ and η are small, we conclude that the skew-
symmetric matrix Ξ is non-singular.
Hence, from Eqs. (58) - (68), we conclude that it is always possible to find a suitable
probe state - say a Gaussian - with a covariance matrix
Wαβ = 〈ξ|
{
Ŵα, Ŵβ
}
|ξ〉, α, β = 1, · · · , 4 , (99)
such that KC given by Eq. (86) satisfies
KC +
i
2
Ξ ≥ 0 , (100)
while
KC +
i~
2
J  0 . (101)
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That is: such a state would violate the matrix OUP Eq. (101), but respect the NCOUP Eq.
(100). As stated previously, this result means that a violation of the OUP could signal the
presence of a deformation of the Heisenberg-Weyl algebra.
Let us consider a concrete example. Let ξ be a Gaussian state with the following covari-
ance matrix:
W =


m n n n
n m −n n
n −n a n
n n n a

 , (102)
where m = 1, n = 1/4 and a = 1/2 are chosen typical values. Then from Eq. (86), we have
that
KC =


m
2g2
n
2g2
−n
2
−n
2
n
2g2
m
2g2
n
2
−n
2
−n
2
n
2
ag2
2
ng2
2
−n
2
−n
2
ng2
2
ag2
2

 . (103)
By a simple inspection, we can conclude that Eqs. (100) and (101) hold, as advertised.
We should also emphasize the remarkable feature of the NCOUP Eq. (95). If the gain
parameter is G > 1, then in Eq. (95) the contribution of θ is dampened whereas that of
η is amplified. So by enhancing the gain G, one could perhaps lead to an effective value
of η that could be detected experimentally. A similar observation can be made in the case
G < 1, where the contribution of θ can be amplified by lowering the gain G.
Before we conclude our analysis of the BAE model, we use the Williamson Theorem
on the nonstandard symplectic space (R4;ωΞ) to look for directions which minimize the
NCOUP for a given noise-disturbance matrix KC, and to discuss the question of tightness
of the inequality.
First of all, according to Eq. (61) we can diagonalize the matrix KC
S−1KC(S−1)T = diag
(
λ1,Ξ(K
C), λ2,Ξ(K
C), λ1,Ξ(K
C), λ2,Ξ(K
C)
)
(104)
to obtain its Ξ-symplectic spectrum, for some SW transformation S satisfying Eq. (62)
with Ξ given by Eq. (97). Suppose that the smallest Williamson invariant λ1,Ξ(K
C) = 1.
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If u1 ∈ C4 is an eigenvector of 2iΞ−1KC associated λ1,Ξ(KC), then we have:
u†1
(
KC +
i
2
Ξ
)
u1 = 0 . (105)
In other words, u1 saturates the NCOUP Eq. (100).
More generally, let us choose a normalization such that, for the eigenvectors u1, u2 asso-
ciated with the positive eigenvalues λ1,Ξ(K
C), λ2,Ξ(K
C) we have
u†1Ξu1 = u
†
2Ξu2 = 2i , (106)
and for the eigenvectors v1, v2 associated with the negative eigenvalues
−λ1,Ξ(K
C),−λ2,Ξ(K
C):
v†1Ξv1 = v
†
2Ξv2 = −2i . (107)
Any vector u ∈ C4 can be written as
u =
∑
1≤α≤4
aα̟α , (108)
where (aα)1≤α≤4 are a set of complex constants and ̟1 = u1, ̟2 = u2, ̟3 = v1, ̟4 = v2. No-
tice that 2iΞ−1KC̟β = λβ̟β. Thus λ1 = λ1,Ξ(KC), λ2 = λ2,Ξ(KC), λ3 = −λ1,Ξ(KC), λ4 =
−λ2,Ξ(K
C) .
With expansion Eq. (108) let us define a norm of the form
||u||2 :=
∑
1≤α≤4
|aα|
2 . (109)
Then, it follows that
0 ≤ (λ1,Ξ(K
C)− 1) = u†1
(
KC +
i
2
Ξ
)
u1 = min||u||=1u†
(
KC +
i
2
Ξ
)
u , (110)
while
0 ≤ (λ1,Ξ(K
C)− 1) = v†1
(
KC −
i
2
Ξ
)
v1 = min||v||=1v
†
(
KC −
i
2
Ξ
)
v . (111)
Let us prove Eq. (110) in the case of a nondegenerate Ξ-symplectic spectrum.
It follows that
u†
(
KC +
i
2
Ξ
)
u =
1
2i
∑
1≤α,β≤4
aαaβ̟
†
αΞ
(
2iΞ−1KC − I
)
̟β =
1
2i
∑
1≤α,β≤4
aαaβ(λβ−1)̟
†
αΞ̟β .
(112)
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To proceed, we point out that for α 6= β:
̟†αΞ̟β = 0 . (113)
Indeed:
2i̟†αK
NC̟β = ̟
†
αΞ
(
2iΞ−1KNC
)
̟β = λβ̟
†
αΞK
NC
β . (114)
On the other hand:
2i̟†αK
NC̟β = ̟
†
α
(
2iKNCΞ−1
)
Ξ̟β = λα̟
†
αΞ̟β . (115)
Since, by assumption, λα 6= λβ, Eqs. (114) and (115) are compatible only if Eq. (113) holds.
So, from Eqs. (112), (113), (106) and (107), we obtain:
u†
(
KC + i
2
Ξ
)
u = 1
2i
∑
1≤α≤4 |aα|
2(λα − 1)̟
†
αΞ̟α =
= (λ1,Ξ(K
C)− 1)|a1|
2 + (λ2,Ξ(K
C)− 1)|a2|
2 + (λ1,Ξ(K
C) + 1)|a3|
2 + (λ2,Ξ(K
C) + 1)|a4|
2
≥ (λ1,Ξ(K
C)− 1)||u||2 .
(116)
If the spectrum is degenerate (λ1,Ξ(K
C) = λ2,Ξ(K
C)), then by a Gram-Schmidt orthogonal-
ization procedure we can still find eigenvectors u1, u2 with eigenvalue λ1,Ξ(K
C) such that
u†1Ξu2 = 0, and eigenvectors v1, v2 with eigenvalue −λ1,Ξ(K
C) such that v†1Ξv2 = 0.
Thus, from Eqs. (110) and (111), we infer that the smallest Ξ-Williamson invariant
λ1,Ξ(K
C) gives us a measure of the minimal uncertainty, while the eigenvectors u1 and v1
give directions of minimal Ozawa uncertainty.
An extreme case would correspond to
λ1,Ξ(K
C) = λ2,Ξ(K
C) = 1 . (117)
Then, C4 would split into the direct sum
C4 = V ⊕ V ⊥ , (118)
where V is the eigenspace associated with λ1,Ξ(K
C) = λ2,Ξ(K
C) = 1, while V ⊥ is the
eigenspace associated with −λ1,Ξ(K
C) = −λ2,Ξ(K
C) = −1. And we have
u†
(
KC +
i
2
Ξ
)
u = v†
(
KC −
i
2
Ξ
)
v = 0 , (119)
for all u ∈ V and all v ∈ V ⊥.
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C. Noiseless Quadrature Transducers
The same strategy is now used to obtain the NC corrections to OUP for the NQT model
[19]. As before, the system is described by the quadrature operators (X̂a, Ŷa) and the
corresponding canonical conjugate momenta (P̂Xa , P̂Ya), whereas the probe is represented
by the quadrature operators (X̂b, Ŷb) and the corresponding canonical conjugate momenta
(P̂Xb, P̂Yb), which obey the same commutation relations as before, Eqs. (69). The noiseless
case is usually defined, for a 2−dimensional system as

X̂outa = X̂
in
a − X̂
in
b
Ŷ outa = Ŷ
in
a − Ŷ
in
b
X̂outb = X̂
in
a
Ŷ outb = Ŷ
in
a
P̂ outXa = −P̂
in
Xb
P̂ outYa = −P̂
in
Yb
P̂ outXb = P̂
in
Xb
+ P̂ inXa
P̂ outYb = P̂
in
Yb
+ P̂ inYa .
(120)
This transformation can be generated in two steps with two different unitary transfor-
mations. During the time interval [0, T1] the interaction is generated by the Hamiltonian,
Ĥ1 =
1
T1
(
P̂ inXbX̂
in
a + P̂
in
Yb
Ŷ ina
)
. (121)
which is the same Hamiltonian as for the BAE interaction but with α = T−11 . We assume
that 0 < T1 < T2, where T2 is the total duration of the measurement interaction. During the
subsequent time interval [T1, T2], the unitary transformation is governed by the Hamiltonian
Ĥ2 = −
1
T
(
P̂ inXaX̂
in
b + P̂
in
Ya Ŷ
in
b
)
, (122)
with T = T2− T1. The solution for observable Ẑ(t) during the time interval [T1, T2] is given
by the series:
Ẑ(t) = Ẑ(T1) +
(t− T1)
i~
[
Ẑ(T1), Ĥ2
]
+
1
2!
(
t− T1
i~
)2 [[
Ẑ(T1), Ĥ2
]
, Ĥ2
]
+ · · · . (123)
A straightforward inspection reveals that only the terms up to order (t− T1) survive for all
observables and to lowest order in θ, η. As before we set X̂a(0) = X̂
in
a , Ŷa(0) = Ŷ
in
a , etc, and
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X̂a(T2) = X̂
out
a , Ŷa(T2) = Ŷ
out
a , etc. In order to obtain the NC corrections to the noiseless
interaction, we solve the same operator equations, but this time assuming the deformed
algebra Eqs. (12).
To lowest order in θ and η, we obtained [19]:

X̂outa ≃ X̂
in
a − X̂
in
b +
θ
~
(
P̂ inYb +
3
2
P̂ inYa
)
Ŷ outa ≃ Ŷ
in
a − Ŷ
in
b −
θ
~
(
P̂ inXb +
3
2
P̂ inXa
)
X̂outb ≃ X̂
in
a +
θ
2~ P̂
in
Yb
Ŷ outb ≃ Ŷ
in
a −
θ
2~ P̂
in
Xb
P̂ outXa ≃ −P̂
in
Xb
− η
2~ Ŷa
in
P̂ outYa ≃ −P̂
in
Yb
+ η
2~X̂a
in
P̂ outXb ≃ P̂
in
Xb
+ P̂ inXa +
η
~
(
Ŷ ina −
3
2
Ŷ inb
)
P̂ outYb ≃ P̂
in
Yb
+ P̂ inYa −
η
~
(
X̂ ina −
3
2
X̂ inb
)
.
(124)
Since M = (Xb, Yb), it follows that
V̂ NC,out =


X̂ ina +
θ
2~ P̂
in
Yb
Ŷ ina −
θ
2~ P̂
in
Xb
−P̂ inXb −
η
2~ Ŷ
in
a
−P̂ inYb +
η
2~X̂
in
a

 . (125)
And thus
K̂NC = V̂ NC,out − Ẑ in ≃


θ
2~ P̂
in
Yb
− θ
2~ P̂
in
Xb
−P̂ inXa − P̂
in
Xb
− η
2~ Ŷ
in
a
−P̂ inYa − P̂
in
Yb
+ η
2~X̂
in
a

 . (126)
This can be written in a matrix wise form
V̂ NC,out =
(
I+ΛC − η
2~R
(21)
)
Ẑ in +
(
ΠC + θ
2~R
(12)
)
Ŵ in
K̂NC =
(
ΛC − η
2~R
(21)
)
Ẑ in +
(
ΠC + θ
2~R
(12)
)
Ŵ in .
(127)
The matrices ΛC and ΠC are given by
ΛC = ΠC =

 0 0
0 −I

 , (128)
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where R(12) and R(21) are given by Eq. (82). Notice that, for a noiseless interaction in
the “commutative” limit θ = η = 0, the OUP reduces to KC ≥ 0. Furthermore, the
measurement is of dependent intervention, as ΓC = −J 6= 0.
From Eq. (127) we also have
ΛNC = ΛC −
η
2~
R(21) , ΠNC = ΠC +
θ
2~
R(12) . (129)
Thus,
KNCαβ ≃
(
ΛCαγ−
η
2~
R(21)αγ
)(
ΛCβλ−
η
2~
R
(21)
βλ
)
〈
{
Ẑ inγ , Ẑ
in
λ
}
〉+
(
ΠCαγ+
θ
2~
R(12)αγ
)(
ΠCβλ+
θ
2~
R
(12)
βλ
)
〈
{
Ŵ inγ , Ŵ
in
λ
}
〉
+
[(
ΛCαγ−
η
2~
R(21)αγ
)(
ΠCβλ+
θ
2~
R
(12)
βλ
)
+
(
ΠCαλ+
θ
2~
R
(12)
αλ
)(
ΛCβγ−
η
2~
R
(21)
βγ
)]
〈
{
Ẑ inγ , Ŵ
in
λ
}
〉 , (130)
where Eq. (127) has been used. After some algebraic manipulations, and assuming once
again that we can choose a state of the probe such that 〈W in〉 = 0, we obtain to lowest
order in θ and η:
KNCαβ =
[
ΛCαγΛ
C
βλ −
η
2~
(
ΛCαγR
(21)
βλ +R
(21)
αγ Λ
C
βλ
)]
〈
{
Ẑ inγ , Ẑ
in
λ
}
〉
+
[
ΠCαγΠ
C
βλ +
θ
2~
(
ΠCαγR
(12)
βλ +R
(12)
αγ Π
C
βλ
)]
〈
{
Ŵ inγ , Ŵ
in
λ
}
〉 . (131)
The noiseless quadrature transducer interaction depends not only on the probe’s degrees
of freedom, but also on the the initial state of the system that one is measuring. Let Z and
W denote the covariance matrices of the system and the probe, respectively:
Zαβ = 〈ψ|
{
Z inα , Z
in
β
}
|ψ〉 ,
Wαβ = 〈ξ|
{
W inα ,W
in
β
}
|ξ〉 .
(132)
If we define
KC := ΛC(Z+W)ΛC , (133)
then, using the fact that ΛC = ΠC , we obtain from Eqs. (130) - (133):
KNC ≃ KC +
η
~
(
ΛCZR(12)
)
S
−
θ
~
(
ΛCWR(21)
)
S
, (134)
where (A)S denotes the symmetric part of matrix A:
(A)S =
A+AT
2
. (135)
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Again, using the fact that ΛC = ΠC, we have from Eqs. (88) and (129):
ΛNCΩ(ΛNC)T +ΠNCΩ(ΠNC)T
≃
(
ΛC − η
2~R
(21)
) (
~J+ θR(11) + ηR(22)
) (
ΛC + η
2~R
(12)
)
+
+
(
ΛC + θ
2~R
(12)
) (
~J+ θR(11) + ηR(22)
) (
ΛC − θ
2~R
(21)
)
≃ 2~ΛCJΛC + 2θΛCR(11)ΛC + 2ηΛCR(22)ΛC+
+ θ
2
(
R(12)JΛC −ΛCJR(21)
)
+ η
2
(
ΛCJR(12) −R(21)JΛC
)
,
(136)
Since
ΛCJΛC = ΛCR(11)ΛC = R(12)JΛC −ΛCJR(21) = 0
ΛCR(22)ΛC = R(22)
ΛCJR(12) −R(21)JΛC = 2R(22) ,
(137)
we get
ΛNCΩ(ΛNC)T +ΠNCΩ(ΠNC)T ≃ 3ηR(22) . (138)
From Eqs. (57) and (138), we obtain
KNC −
3iη
2
R(22) ≥ 0 . (139)
Notice that the skew-symmetric matrix R(22) is singular, so that it does not define a bona
fide symplectic form ωΞ on R4.
If we write Z and W in the block form
Z =

 Z11 Z12
Z12
T Z22

 , W =

 W11 W12
W12
T W22

 , (140)
with Z11,Z22,W11,W22 being symmetric matrices, then we obtain from Eqs. (133) and
(134)
KNC ≃

 0 − θ2~EW22
θ
2~W22E Z22 +W22 +
η
~(EZ12)S

 . (141)
From Eqs. (139) and (141), we get a more explicit version of the NCOUP for the NQT
interaction: 

0 − θ
2~EW22
θ
2~W22E Z22 +W22 +
η
~(EZ12)S −
3iη
2
E

 ≥ 0 . (142)
This inequality is equivalent to the conditions
W22 = 0 , or θ = 0, (143)
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and
Z22 +W22 +
η
~
(Z12E)S −
3iη
2
E ≥ 0 . (144)
This last inequality is of the form Eq. (58) with A = Z22+W22+
η
~(Z12E)S and Ξ = −3ηE.
The matrix Ξ is non-singular, so one can apply the machinery of the Ξ-symplectic invariants
to test the validity of inequality (144). But perhaps the most surprising feature of this
uncertainty principle is the following. The condition W22 = 0 cannot hold. Indeed the
matrix W22 corresponds to the covariance matrix for the momenta of the probe:
W22 =

 〈(P̂Xb)2〉 〈
{
P̂Xb, P̂Yb
}
〉
〈
{
P̂Yb , P̂Xb
}
〉 〈(P̂Yb)
2〉

 . (145)
If W22 = 0, then in particular we would have 〈(P̂Xb)
2〉 = 〈(P̂Yb)
2〉 = 0, which is obviously
forbidden if the probe state |ξ〉 belongs to a Hilbert space. We conclude that we must have
the alternative condition
θ = 0 . (146)
Ozawa’s uncertainty principle is somewhat asymmetric, since it expresses the relation be-
tween the noise of the measurement of an observable, say the position, and the disturbance
of that measurement on the momentum. So, we may anticipate that if we interchange the
role of positions and momenta of our previous analysis for the NQT model, then this would
naturally lead to the condition
η = 0. (147)
In other words: Ozawa’s uncertainty relation for the NQT model is incompatible with
noncommutative quantum mechanics.
IV. DISCUSSION
In this work we generalized our matrix formulation of the OUP in the noncommutative
quantum mechanical scenario. The noncommutative corrections to lowest order were explic-
itly computed for two different measurement interactions - BAE and NQT. These corrections
have far reaching consequences on the noise-disturbance relations. They alter the nature of
the interaction. For instance, in the noiseless model NQT a non-vanishing noise appears,
and in the BAE interaction, where the noise and disturbance operators were previously
independent of the object system, they now become dependent on it.
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In the BAE model the noncommutative corrections to the matrix OUP are given by (cf.
Eq. (95)):
−
i
2
(
θ
G2
R(11) + ηG2R(22)
)
. (148)
As mentioned before, if the gain parameter is G > 1, then the momentum noncommutativity
parameter η is amplified to G2η. If, experimentally, G can be made arbitrarily large, then it
becomes easier to find states which violate the OUP in a conspicuous way. Or, alternatively,
if no such states are found, then this could hint that the noncommutativity in the momentum
sector has to be dismissed. The same conclusions can be drawn for θ in the case G < 1.
An equally interesting result is obtained for the NQT model. We concluded that the
noncommutative corrections lead to paradoxical results unless θ = 0. If we interchange the
roles of position and momenta in the NQT interaction, then would also infer that η = 0. So
we come to the following dilemma:
(i) the type of noncommutative deformations considered in this work have to be ruled out;
or
(ii) the NQT model is non-physical; or
(iii) the NQT for NCQM has to be substantially modified, possibly with corrections to the
Hamiltonians Eqs. (121) and (122) which generate the interaction, or noise and disturbance
operators other than the ones in Eq. (126) have to be defined.
These questions certainly deserve further investigation in the future.
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